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The stability under small time perturbations of the dilatonic black hole solution near the determinant curvature 
singularity is proved. This fact gives the additional arguments that the investigated topological configuration can 
realise in nature. In the frames of this model primordial black hole remnants are examined as time stable objects, 
which can form an significant part of a dark matter in the Universe. 



One rather important result of the string gravity is 
a restriction upon the minimal black hole mass 0| , , 

in frames of the model with the 4D effective string 
action, containing graviton, dilaton and higher order 
cur vature corrections. Let me consider the action in 
the following form M : 
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where mpi is Plank mass, A is the string coupling 
constant, is the dilatonic scalar field. (The system of 
units where ?i = c = G = 1 and mpi = 1 is used. The 
community of the considered problem is not restricted 
by choosing A = 1 ) . 

The restriction upon the minimal black hole mass is 
absent in the Schwarzschild solution of Einstein's clas- 
sical gravity. This "mathematical" result can be put 
into practice in modern cosmology to study the rem- 
nants of primordial black holes Q , . Such remnants 
can represent the final stage of Hawking evaporation of 
primordial black holes, formed in the early Universe, 
and are considered as dark matter candidates |^ , . 

The search of the exact solutions or at least the 
numerical ones in the offered model (|l|) with the metric 
depended on two parameters, the radial co-ordinate 
and the time, is known to be very difficult [Q , |^ , |^ . N 
evertheless one can receive the general properties of the 
time-evolution of such solutions by study its stability 
about time-parameter in all particular points. 

The black hole solution in the frames of considered 
model has only two particular points. The first one is 
the usual coordinate singularity r^ , which represents 
the event regular horizon of a black hole. The second 
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particular point is the determinant c urvature singu- 
larity, which has the infinite derivatives of the metric 
functions 

Primordial black hole stability on the event horizon 
was investigated in 

It was obtained (P. Kanti at al.) that the dila- 
tonic black holes are stable near the black hole regular 
horizon r^ under linear time-dependent perturbations, 
which depend on only one radial parameter. The met- 
ric parameterisation was 

ds^ = e^^^^^^dt^ - e'^^-'^Ur'' - r^{de^ + sin" Od^^) 

and the asymptotic forms of metric components and 
dilaton field near the regular horizon r k, ru were 

e-^^"^^ = Ai(r-nO + A2(r-r,)2 + ..., 

e'"'^'') = li{r -rh)+l2{r -rhf + 

(j){r) = (j)h + (t>'h{r-rh) + (t)h{r-rhf + 

where Ai = 2/(Ae'^''0;/g2 -I- 2rh). 

P. Kanti at al. considered perturbing equations by 
time-dependent linear perturbations of the form: 

T{r,t) = T{r)+5V{r,t) = V{r) + ST{r)e"^\ 
A{r,t) = A{r)+SA{r,t)=A{r) + SA{r)e''^\ 
cj){r,t) = <l>{r)+6(t){r,t)^<j>{r)+6(t){r)e"^\ 

where the variations 5T{r,t),6 A{r,t) and 5(j){r,t) 
were assumed to be small. The stability problem was 
reduced to one-dimensional Schrodinger problem . 

The regular horizon stability was investigated also 
in the paper by T.Torii and K.-i.Maeda They used 
the catastrophe theory and compared it with linear 
perturbation analysis. Generally the catastrophe the- 
ory is a mathematical tool to investigate a variety of 
some physical states, T.Torii and K.-i.Maeda showed 
this method is also applicable to the stability analysis 
of various types of non- Abelian black holes jl^ . 

It is necessary to make more careful stability analy- 
sis under the horizon with the help of suitable choice of 
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asymptotic forms that approximate the metric func- 
tions. In this work I investigate the dilatonic black 
hole stabihty near the determinant curvat ure singu- 
larity r = Ts 1^. After the definition of a rest point, 
this problem can be reduced to a one-dimensional 
Schrodinger problem under the variation of the field 
equation. One can prove that the small time pertur- 
bations do not increase. S o in that case the solution 
of the dilatonic black hole is stable near . 

To investigate the stability under time perturba- 
tions of the dilatonic black hole near the singularity 
r « , I use the model (|^) with the following non- 
static, asymptotically flat spherically symmetric metric 



where A = A(r, t) , a = a{r, t) , (p — (p{r, t) . 

According to Kanti's method |^ I produce the met- 
ric functions in the form: 

A(r,t) = A{r)+6A{r,t) ^ A{r) + S A{r) e"^ \ (3) 
a{r,t) = a{r)+6air,t) = a(r) + 6 a{r) e"^\ (4) 

(j){r,t) = (^{r) + S (j)ir,t) ^ (^{r) + S (j){r) e'"\ (5) 

where the variations 6 A{r,t),S (T{r,t) and d(j){r,t) are 

assumed to be small []. 

Thus for such definition of variables r and t in (H)- 
the asymptotic forms of metric functions near the 

singularity r « Ts depend on only radial coordinate r 

and do not depend on time: 

A(r)=<5o + ^^^^^-f<53(r-r,)3/2 + ..., (6) 



a{r) = (To + 0-2 \/r - Ts + .. ., 



(7) 



0(r) = </)o (/)2 (r - r,) + h {r - r,ff^ + . . . , (8) 
where 

3 1 

00 = - ln(2) - - In(-ry) + ln(l - 77) - ln(r,), 
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^In this work I only study the small time perturbations of 
the diagonal metric components because in general I investigate 
the case of spherically symmetric metric. I'm not interesting 
in some rotating effects, which can appear because of non-zero 
non-diagonal metric components. 
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It is possible to note that 77 e (—1,0). We have 
three free parameters 77, <T2 and 

The exact field equations for (|l|) 
on r and t are in Appendix. Transforming (|14|)-(17), 
one can obtain the autonomous (over t) equation sys- 
tem of the first order in the following form: 



(9) 



where G, F are functions of r, A, A', A", cr, tr', (/)', 
and a, 13, J are additional variables. 

The function A = —2 A/ a. Using the asimptotic 
form (^)-(@) one can obtained that A = 877/(1 — 77^) 
for r = . A^OjAt^oo near the singularity r w 
because the dilaton function 0(r) (||) is limited in this 
region |]. 

Let me examine the equilibrium states of the au- 
tonomous system (^). 

Let the point (A*, a*, (/)* , a*, /?*, 7*) is some rest 
point of the system (^), that is for 

/. e {«, A 7, -G, 2G/A, F}, 

z = 1,2,...,6 

the condition 

MA*,a*,r a*,/3*,7*) = 

is executed. The trivial "equilibrium-like" solution 
which corresponds to the given rest point is asymp- 
totically stable if the first order system is stable. It 
occurs when the all roots s of the characteristic equa- 
tion 



det 



est point 
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(10) 
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where € {A*, a*, 0*, a*, /?*, 7*} (fc 
have the negative real parts. 

^ In this case it is conveniently to choose rj , cr2 and rs as free. 
There are direct three free parameters which can be reduced 
to the usual free parameters: the black Jjiole mass, the dilaton 
charge and the dilaton value at infinity O . 



3 



It is possible to find the rest point of the system (|9|) 
using the asymptotic forms near the singularity 

r ~ Ts from the condition: 



F\ 
G\ 



rest point 
rest point 



(11) 



In the rest point a = f3 = 'y — and 77 = 77* = 

1 /2 

Ci, (72 = (J2{rs) = C^lrJ < 0, where Ci and C2 are 
the number coefficients. 

By solving ([l^) one can receive the pure imaginary 
roots s. Thus some additional investigations for de- 
termine the stability are required. 

Using the method of linear stability one can rewrite 
the field equations (|l^)-([T7|) with the variations: 



= 



- Ai2S(j) + Ai36(j) + Ai46(p' 
+ B,iS A + B,2S A + BisS A 
+ Bi^SA" + CiiSa + C, 2S & 

Ci4(5 cr' + Ci5(5 cr", 



(12) 



where i — 1..4. Nonzero coefficients are in Appendix. 

In the vicinity of finding from ( |ll| ) rest point 
O'^{0, (r — r^)) , (r — Ts) ~ 10"'^ it is possible to eval- 
uate the coefficients in front of the variations in ( p^ ) 
using the asymptotic forms (||)-(|8|). The simplified 
equation from becomes the following: 



A{S<j))" + B{S^y + C{S^) - uJ^iS(j)), 
where A^B and C near the singularity r ; 

^ rii (r — t-^^-^/^ 
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where 01,02,61,62,01,02 depend on 02 and r/. For 
r = Tg these coefficients are number constants. 

The eigenvalue uP in (^3|) has only positive values. 
Thus, the small time perturbations do not increase 
(they can oscillate). So in that case the solution is sta- 
ble in the vicinity of finding rest point (©"""(O, (r — r^,)) . 

Taking into account both results: the stability of 
the solution under time perturbations at the regular 
event horizon Q and at the determinant curva- 
ture singularity Vg , it is possible to conclude that the 
solution of dilatonic black ho le is stable in all partic- 
ular points. In application to cosmology this fact can 
confirm the existence of remnants of primordial black 
holes, which are stable during time evolution. 

I would like to gratefully acknowledge to Prof. 
M.V. Sazhin and Dr. S.O. Alexeyev for useful com- 
ments. 



Appendix 

The exact field equations for (0)-(|^ which depend on 
r and t are the following unwieldy form: 
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+ 160A'ctA - 64 A0' A + 16A'*0' A"cr 
- 160A'AV^ - 16 0'A^ A cr^ -2 e^'^r A' cr'A^ cr- 
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6 a r A' A cr* 2 cr^ ^ r A A - 4 A'' a' cr^ 
e-^r(p-a', (17) 
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Nonzero coefficients for the field equations (p^-([l7|) 
with the variations (p^: 
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